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A k-dimensional block code ¢ <Fg is MDS if dy(%¢) =n—k+1.
A randomly chosen k-dimensional code is MDS with high probability, if g > 0.

In other words...

Let n> k > 1 be integers. We have

i # of k-dim MDS codes in Fg -
gt # of k-dim codes in 7

We say that MDS codes are dense within the set of k-dimensional codes in [Fg.



The notion of density

Definition

Let S C N be an infinite set. Let (% |s € S) be a sequence of finite non-empty sets
indexed by S, and let (#,|s € S) be a sequence of sets with F, C %, for all s€ S.

The density function S — Q of Z. in Fsis s |ZL|/|Fs|.

If lim |Fl/|%s| =,

S§—>+o0

then Z! has density 6 in .%;.

e §=1: .Z#[is dense in %

e §=0: Z!issparsein Z;
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The notion of density

Definition
Let S C N be an infinite set. Let (.%s | s € S) be a sequence of finite non-empty sets
indexed by S, and let (%, |s € S) be a sequence of sets with F, C % for all s€ S.

The density function S — Q of Z, in Fis s+ |ZL|/|Fs|.

i Z!| )| F.| =
¢ JSim | F/ 75| =,
then Z/ has density & in ;.
e §=1. Z[isdensein Z;
e §=0: Z[issparsein Fs

EXAMPLE: S=N3; Fs={neN|1<n<s} Zi={peN|p<s, p prime}.

Then: EAVEARET 7!

Fs

/

~1/log(s)
(Hadamard, de la Vallée-Poussin, 1896)
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The notion of density

Definition
Let S C N be an infinite set. Let (% |s € S) be a sequence of finite non-empty sets
indexed by S, and let (#,|s € S) be a sequence of sets with F, C %, for all s€ S.

The density function S — Q of Z. in Fsis s |ZL|/|Fs|.

H a! g | —
if Jim | F/17] = 5,

then Z! has density 6 in .%;.
e §=1: .Z#[is dense in %
e §=0: Z!issparsein Z;

EXAMPLE: S=N Fs={neN|n<s} FL={neN]|nis even}.
Then: |76/ 75| = 1/2

The even numbers have density 1/2 within the natural numbers.
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The notion of density

Definition
Let S C N be an infinite set. Let (% |s € S) be a sequence of finite non-empty sets
indexed by S, and let (#,|s € S) be a sequence of sets with F, C %, for all s€ S.

The density function S — Q of Z. in Fsis s |ZL|/|Fs|.

H a! g | —
If Jim |7/ 7 = 8

then Z! has density 6 in .%;.
e §=1: .Z#[is dense in %

e §=0: Z!issparsein Z;

EXAMPLE: S=N Fs={neN|n<s} FL={neN]|nis even}.
Then: |76/ 75| = 1/2 )
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The even numbers have density 1/2 within the natural numbers.






Let G € IF".‘,X" is a rank k matrix in reduced row-echelon form. TFAE:
@ the rows of G generate a k-dimensional MDS code;
@ all the k x k minors of G are non-zero (in particular, piv(G) ={1,....k}).
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Density of MDS codes

Let G € IFI;X” is a rank k matrix in reduced row-echelon form. TFAE:
@ the rows of G generate a k-dimensional MDS code;
@ all the k x k minors of G are non-zero (in particular, piv(G) = {1,...,k}).

Consider a matrix of the form G = (I | Y), where Y is a k x (n— k) matrix of
independent variables (z; |1 <i < N) and N = k(n— k).

1 0
e.g. a 2 noa N=38
0 1 z 2z 2z 2z
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Density of MDS codes

Let G € FQX” is a rank k matrix in reduced row-echelon form. TFAE:
@ the rows of G generate a k-dimensional MDS code;
@ all the k x k minors of G are non-zero (in particular, piv(G) ={1,...,k}).

Consider a matrix of the form G = (I | Y), where Y is a k x (n— k) matrix of
independent variables (z; |1 <i < N) and N = k(n— k).

1 0
g < z1 zZo Z3 Z4> N—g

Let p1,...,pm € Fqlz1,...,zy] be the maximal minors of G, where M = (}). The MDS
codes correspond to the vectors (ay, ..., o) € IFQ’ such that

(p1p2---pm)(01, ..., 0n) #O.
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Density of MDS codes

Let G € IFI(;X” is a rank k matrix in reduced row-echelon form. TFAE:
@ the rows of G generate a k-dimensional MDS code;
@ all the k x k minors of G are non-zero (in particular, piv(G) = {1,...,k}).

Consider a matrix of the form G = (I | Y), where Y is a k x (n— k) matrix of
independent variables (z; |1 <i < N) and N = k(n— k).

1 0
e.g. a 2 noa N=38
0 1 z 2z 2z 2z

Let p1,...,pm € Fqlz1,...,zy] be the maximal minors of G, where M = (}). The MDS
codes correspond to the vectors (ay, ..., o) € IE‘Q’ such that

(p1p2---pm)(0, ..., o) # 0.

The k-dimensional MDS codes in Fg correspond to the non-zeros (04, ..., ) € ]Fév of a
polynomial p:=pip2---py € Fglz1,..., zn].
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The k-dimensional MDS codes in IFZ correspond to the non-zeros (@, ...,0y) € ]Ff,v of a
polynomial p:=pip>---py € Fglz1, ..., 2]

Note: deg(p) < kM = k(})
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The k-dimensional MDS codes in IFZ correspond to the non-zeros (@, ..., 0y) € ]F{,V of a
polynomial p:=pip>---py € Fglz1, ..., 2]

Note: deg(p) < kM = k(})

Using the Schwartz-Zippel Lemma: the number of such non-zeros is at least

o) - 02(1(0)
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Density of MDS codes

The k-dimensional MDS codes in Fg correspond to the non-zeros (oa,...,0n) € ]FQ’ of a
polynomial p:=pip>---py € Fglz1,...,zn].

Note: deg(p) < kM = k(})

Using the Schwartz-Zippel Lemma: the number of such non-zeros is at least

o) - 02(1(0)

and therefore

# of k-dim MDS codes in Fg
# of k-dim codes in Fg
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Density of MDS codes

The k-dimensional MDS codes in Fg correspond to the non-zeros (oa,...,0n) € ]FQ’ of a
polynomial p:=pip>---py € Fglz1,...,zn].

Note: deg(p) < kM = k(})

Using the Schwartz-Zippel Lemma: the number of such non-zeros is at least

o) - 02(1(0)

and therefore

kn—k) (1 _Kk(n
i #of kdim MDS codesin Fg 9 (1 q (k>)
g5 oo # of k-dim codes in g = e [n}
q

Alberto Ravagnani On the sparsity of MRD codes WCC 2019



Density of MDS codes

The k-dimensional MDS codes in Fg correspond to the non-zeros (oa,...,0n) € ]FQ’ of a
polynomial p:=pip>---py € Fglz1,...,zn].

Note: deg(p) < kM = k(})

Using the Schwartz-Zippel Lemma: the number of such non-zeros is at least

o) - 02(1(0)

and therefore

kn—k) (1 _Kk(n
i #of kdim MDS codesin Fg 9 (1 q (k>) _
g5 oo # of k-dim codes in g = e [n}
q

Alberto Ravagnani On the sparsity of MRD codes WCC 2019



Let n> k > 1 be integers. We have

# of k-dim MDS codes in g
g1  # of k-dim codes in F7

In words: MDS codes are “dense” within the set of k-dimensional codes in Fg.



Let n> k > 1 be integers. We have

# of k-dim MDS codes in g
g1  # of k-dim codes in F7

In words: MDS codes are “dense” within the set of k-dimensional codes in Fg.

We study “density questions” in coding theory in:

E. Byrne, A. Ravagnani

Partition-Balanced Families of Codes and Asymptotic Enumeration in Coding Theory
arXiv 1805.02049



We study density problems in general:

@ Ambient space: Hamming space, vector rk-metric space, matrix rk-metric space

@ Various properties related to: minimum distance, covering radius, maximality



Density problems in coding theory

We study density problems in general:

@ Ambient space: Hamming space, vector rk-metric space, matrix rk-metric space

@ Various properties related to: minimum distance, covering radius, maximality

Look at families of codes that exhibit regularity properties with respect to partitions of
the ambient space X € {Fg, Fam, Ity

Definition
Let & ={P1,P»,...,Py} be a partition of X. A family .% of codes in X is &-balanced if

for all x € X the number
{¢ e F|xet}

only depends to the class of x with respect to the partition &2.
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Density problems in coding theory

We study density problems in general:

@ Ambient space: Hamming space, vector rk-metric space, matrix rk-metric space

@ Various properties related to: minimum distance, covering radius, maximality

Look at families of codes that exhibit regularity properties with respect to partitions of
the ambient space X € {Fg, Fam, Ity

Definition
Let & ={P1,P»,...,Py} be a partition of X. A family .% of codes in X is &-balanced if

for all x € X the number
{¢ e F|xet}

only depends to the class of x with respect to the partition &2.

We use &-balanced families to estimate the number of codes with a certain properties.
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What is the density of optimal/non-optimal codes?

Hamming space
o X=Tg, dy(x,y)=I{ilxi#yi}l
o Code: Fg-subspace € <TFjg
@ Bound: a code ¥ <TFy has dim(%) <n—dy(¢)+1
o Codes meeting the bound: MDS codes (optimal)

Vector rank-metric space
o X =Fgm with m>n, dy(x,y)=dimp, span{x1 —y1,....%n — ¥n}
o Code: Fgm-subspace ¢ < Fgm
e Bound: a code ¥ <Fgn has dimg_, (¢) < n—du(%)+1
@ Codes meeting the bound: vector MRD codes (optimal)

Matrix rank-metric space
o X=Fg" withm>n, dy(x,y)=rk(X-Y)
o Code: Fg-subspace ¢ <TFg*™
@ Bound: a code ¢ <Fg*™ has dim(%) < m(n—dw(%¢)+1)
@ Codes meeting the bound: matrix MRD codes (optimal)
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Using the Schwartz-Zippel lemma:

# of k-dim codes in Fgn ~ — k

# of k-dim MRD codes in Fgn _ k(=) H

—1as m— 4o

IDEA: MRD vector rk-metric codes are the non-zeros of a polynomial of bounded degree



MRD vector rk-metric codes

Using the Schwartz-Zippel lemma:

Theorem (Neri-Trautmann-Randrianarisoa-Rosenthal, 2017)

-1
# of k-dim MRD codes in F7 S gmk(n-k) n 1 i k n—k o a
# of k-dim codes in Fgn k o = k—r . .

—1as m— +o

IDEA: MRD vector rk-metric codes are the non-zeros of a polynomial of bounded degree

We can improve this bound as follows:

Theorem (Byrne-R.)

# of k-dim MRD codes in Fgn 1 qmk —1 —1-1—(!2_:1 ﬁ(qm A
# of k-dim codes in Fgn ~ — (gm—1)(g™ —1) S li], =0

Alberto Ravagnani On the sparsity of MRD codes WCC 2019



MRD matrix codes can be described as the non-zeros of a polynomial.
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MRD matrix rk-metric codes

MRD matrix codes can be described as the non-zeros of a polynomial.

However, MRD matrix codes are not dense!

Theorem (Byrne-R.)
Let m>n>2and let 1 < k < mn—1 be integers.

@ If m does not divide k, then there is no k-dimensional MRD code ¥ < ngm.
o If m divides k, then

# of k-dim non-MRD codes in Fg*"™
# of k-dim codes in Fg*™ -

mn -1 m(n—k) t m(n—k) m(n—K)—h] [mn—s o
q{k] < ”gl {h} s;h { s—h ] [mnk] (-1) q(2)>~
(g =1) (™K -1)

T — R )

This quantity goes to 1/2 as g — +o0 and to 1/2(q/(q—1) — (g —1)?) as m — oo
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Non-density of MRD matrix codes

Corollary (Byrne-R.)

Let m>n>2and let 1 < k < mn—1 be integers.
@ If m does not divide k, then there is no k-dimensional MRD code ¥ < ng"’.
o If m divides k, then

# of k-dim non-MRD codes in Fg*™

li liminf > 1/2.
Al # of k-dim codes in F2<™ 2 1
of k-dim non-MRD codes in F2*m 1
limsup, liminf i . - 1> (L (q-1)2?) 2
M—too M—r+oo # of k-dim codes in Fg*™ 2 -1

Matrix MRD codes are NOT dense.
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Non-density of MRD matrix codes

Corollary (Byrne-R.)

Let m>n>2and let 1 < k < mn—1 be integers.
@ If m does not divide k, then there is no k-dimensional MRD code ¥ < ng"’.
o If m divides k, then

# of k-dim non-MRD codes in Fg*™

li liminf > 1/2.
Al # of k-dim codes in F2<™ 2 1
of k-dim non-MRD codes in F2*m 1
limsup, liminf i . - 1> (L (q-1)2?) 2
M—too M—r+oo # of k-dim codes in Fg*™ 2 -1

Matrix MRD codes are NOT dense.

Non-density for g — +o0 was also shown by Antrobus/Gluesing-Luerssen with different
methods.
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Other results

We can study:

Density of codes that are optimal (MDS, MRD, MRD)

Density of codes of bounded minimum distance

Density of codes that meet the redundancy bound for their covering radius

Density of matrix codes that meet the initial set bound for their covering radius

Density of optimal codes within maximal codes (with respect to inclusion)

@ Average parameters of codes (e.g., average weight distribution)
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Let k be an integer with 0 < k < nm. Denote by .% the family of rank metric codes in
Fg*™ of dimension k. Define py :=n—|k/m], and let 7' := {¢ € 7 | p™ (%) = px}-

Recall: p™(%)=min{i|for all N € Fg*™ there exists M € € with rk(M, N) <}.

We have

|7
lim

a7 =1, provided that k < (m—n+ |k/m]|+1)(|k/m]|+1).



Covering radius of rk-metric codes

Theorem (Byrne, R.)

Let k be an integer with 0 < k < nm. Denote by .# the family of rank metric codes in
Fg*™ of dimension k. Define py :=n—|k/m], and let 7' :={%¢ € .7 | p™(%) = p«}-
Recall: p™(%)=min{i|for all N € Fg*™ there exists M € € with rk(M, N) <}.

We have

im 12
1 =
g | F|

1, provided that k < (m—n+ |k/m]|+1)(|k/m]|+1).

Not all rk-metric codes have covering radius n— | k/m].
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Covering radius of rk-metric codes

Theorem (Byrne, R.)

Let k be an integer with 0 < k < nm. Denote by .# the family of rank metric codes in
Fg*™ of dimension k. Define py :=n—|k/m], and let 7' :={%¢ € .7 | p™(%) = p«}-
Recall: p™(%)=min{i|for all N € Fg*™ there exists M € € with rk(M, N) <}.

We have

im 12
1 =
g | F|

1, provided that k < (m—n+ |k/m]|+1)(|k/m]|+1).

Not all rk-metric codes have covering radius n— | k/m].

Thank you very much!
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